We introduce 3+1 timelike foliation of the four dimensional Lorentz manifold to derive the 3+1 Sen-Ashtekar-Barbero-Immirzi formalism in case of SO(2, 1) rotation gauge group, which is possible due to the existence of the so(2, 1) algebra isomorphism to R 3 2,1 algebra with respect to the vector product. We prove that the newly introduced flux and eccentric curvature variables preserve the symplectic structure of the original variables. We then introduce the modified rotational constraint and succeed to write it as a Gauss constraint of a newly obtained connection. The newly obtained connection is slightly different from the classical 3+1 spacelike Sen-Ashtekar-Barbero-Immirzi connection as it contains in addition the Minkowski metric ηij as a coefficient.
Introduction
It is known that the Sen-Ashtekar-Barbero-Immirzi connection and flux variables can be introduced only in the 3 dimensional space and do not work for D > 3, see [1] . The reason it works in D = 3 is due to the existence of the isomorphism between so(3) algebra and R 3 space with the vector product. Such isomorphism does not exist for D > 3 and therefore it is impossible to introduce the Sen-Ashtekar-Barbero-Immirzi connection. Recently a totally new high dimensional formalism, which is very different from Sen-Ashtekar-Barbero-Immirzi one, was introduced in [3] . The obtained connection is of a different kind and the additional simplicity constraints are necessary. The 3+1 timelike foliation was previously considered in [4] , [5] , [6] . There are also two recent works [7] , [8] , which are using completely different approaches from this paper. In this paper we obtain a very simple expression for the so(2, 1) connection.
The question we are trying to find the answer for in this paper is whether the SenAshtekar-Barbero-Immirzi like connection can be introduced for the timelike 3+1 foliation, since there also exists the isomorphism between so(2, 1) algebra and the R with the corresponding vector product. This gives a hope that the similar formalism might work. Such formalism should include a few steps if done mathematically correctly. We would need to introduce the new K i a variables with the values in so(2, 1) and the corresponding new so(2, 1) rotational constraints G i . We would then need to see if the new so(2, 1) variables can be canonically obtained from the original ADM coordinate and momentum variables (q cd , P ab ) and that the symplectic structure is preserved. If it is preserved we can try to write the new so(2, 1) rotational constraint as a Gauss constraint of a new connection by using the algebra so(2, 1) ≃ R 3 2,1 isomorphism. We will have to express the so(2, 1) algebra structure coefficients via the su(2) algebra structure coefficients ǫ ijk and introduce the so(2, 1) rotational constraint. Finally we will write the rotational constraint as a Gauss constraint of the newly obtained so(2, 1) variables. The paper is organized as follows. In section 2 we introduce the new 3+1 timelike foliation variables. In the next section 3 we discuss the isomorphism of the so(2, 1) algebra to R 3 2,1 vector product algebra. In 4 we obtain a new connection to be able to write the rotational constraint as a Gauss constraint of that connection. In section 5 we prove that the obtained variables are really canonical, i.e. preserving the symplectic structure. 6 concludes the paper. Appendix A (7) contains all momentummomentum Poisson bracket calculation details. Appendix B (8) contains all the details of the coordinate-momentum Poisson bracket lengthy calculations.
2 Timelike 3+1 foliation in SO(2, 1) Sen-Ashtekar-Barbero-
Immirzi variables
The timelike 3+1 foliation in the regular coordinate-momentum variables requires only one change: < N, N >= 1 instead of < N, N >= −1 the rest is the same as in the spacelike 3+1 foliation. All the details can be found in [1] . We are not repeating them here. We start from the timelike foliation in the momentum-coordinate variables and introduce the SO(2, 1) Sen-Ashtekar-Barbero-Immirzi variables in a canonical way. On the four dimensional Lorentz manifold with 3+1 timelike foliation we introduce a bundle space with triads invariant with respect to SO(2, 1) rotations and (2,1) metric.
, where η ij -Minkowski's metric. We introduce the electric flux variable as a weight one density as in so (3) case:
We will use the notation q = | det(e i a )|
2
We then introduce the K i a one-form in a little different way than in the spacelike case (notice η ij ):
satisfying the modified rotational constraint (again notice η ij ):
, where η ij is a Minkowski metric. By using (2) we can rewrite it as:
or by raising the indices a and b we obtain the form:
Note that both (1), (2), (3), (4), (5) and (6) differ from the corresponding SO(3) expressions by the presence of the Minkowski metric η ij .
This rotational constraint can be converted into a different but equivalent form by multiplying both sides of the above equality by e a k e b m and doing summation:
, which by using (2) can be rewritten as:
or by using the antisymmetric tensor as:
, where in (7) we used:
By comparing the two forms of the rotational constraint (4) and (8) we can see that while the first form contains Minkowski metric η ij , the second, having been derived from the first does not. This is due to the property e Finally we can rewrite these constraints once again by multiplying each one of G i by the constants η jj . We use the sum explicitly to emphasize that there is not summation in i index:
or we can rewrite it in even better form with all index summation:
, where η ij is Minkowsky R Now we have the rotational constraint written by using the so(2, 1) algebra structure coefficients. We will use the rotational constraint in the form (6) when we prove that the transformation to the new variables is canonical (preserving the symplectic structure). The form (11) of the rotation constraint will be useful when we will be obtaining the new so(2, 1) connection.
3 so(2, 1) → R We are going to show that the constraint G jk can be written as Gauss constraint of SO(2, 1) gauge theory. We use the covariant derivative that is compatible with triad: D a e j b = 0, from which follows D a E j b = 0. In case of E a j being an SU (2) valued vector density of weight one, the covariant derivative can be written as [1] :
This is due to isomorphism between algebra so(3) and the Euclidean space R 3 with the vector product, as so (3) antisymmetric tensors can be written as
, where Γ l a is a vector in R 3 , while ǫ jkl are so(3) algebra structure coefficients.
The similar isomorphism exists between so(2, 1) algebra and the vectors of the R space with respect to its vector product. Since sl(2, R) algebra is isomorphic to so(2, 1) algebra by the map: Y → ad Y we will work with sl(2, R) here. First we express the sl(2, R) algebra structure coefficients via su(2) structure coefficients ǫ ijk . As we could not find such expression in any literature, we derive it here. sl(2, R) algebra generators are as follows: [2] :
The commutators of this generators are:
or they can be written in a short form by using the algebra structure coefficients as
or in a better form:
, where η ij is Minkowsky R 
These matrices are so(1, 2) algebra generators, while so(1, 2) is isomorphic to so(2, 1).
Thus the so(2, 1) ≃ R 3 2,1 algebra isomorphism can be written similarly to the so(3) ≃ R 3 one (13), by using the map between so(2, 1) algebra tensors and R 3 2,1 vectors connected by the sl(2, R) (or so(2, 1)) algebra structure coefficients:
, where Γ l a is a vector in R 3 2,1 , while η ij ǫ jkl are so(2, 1) algebra structure coefficients.
SO(2, 1) Timelike foliation Connection
By using the so(2, 1) ≃ R 3 2,1 isomorphism (18) the covariant derivative (12) then can be rewritten for so(2, 1) case as
As in SO(3) case one can easily see that so(2, 1) tensors Γ i a are invariant under Weyl canonical transformation:
The invariance follows from the explicit formula for Γ i a expressed via Γ l aj from (18), while the latter expressed via triads:
We can see that Γ i a is a homogeneous function of the degree zero.
The so(2, 1) rotational constraint (11) does not depend on β either.
Now we can write the Gauss constraint (11) as
or by introducing notation:
We can rewrite (23) as:
It means that in SO(2, 1) case we can introduce a new connection, such that the covariant derivative is compatible with the flux E a i and the rotational constraints become the Gauss constraint. The so(2, 1) connection
is different from the so(3) connection by the signs of its components. Interesting that not only the spin connection Γ If we consider η ij ǫ jkl as so(2, 1) commutator, we can rewrite (23) as
similar to the so(3) case with a regular commutator ǫ jkl :
The form of the obtained so(2, 1) connection (24) points to the fact that in 3+1 spacelike so(3) case the metric coefficient should also be present, however, since it is a Euclidean unity matrix, it is of course omitted. Thus the so(2, 1) connection differs from so(3) one not only by Γ k a and K k a taking values in so(2, 1) algebra rather than in so(3), but also by the signs of its components due to the presence of the additional Minkowski metric coefficient η ij . Therefore we can not write the so(2, 1) connection in the Sen-Ashtekar-Barbero-Immirzi form:
5 Timelike 3+1 foliation sympectic structure
In this chapter we are going to prove that the defined below transformations from the q ab and P cd variables to the new variables E a j and K j a preserve the the ADM symplectic structure, i.e provided the new variables satisfy:
and provided that all rotational constraints G ab = 0 are satisfied, the variables q ab and P cd satisfy the same Poisson bracket structure as in regular coordinate and momentum coordinates (q ab , P cd ).
We define the following transformation from E a j and K j a variables to q ab and P cd corresponding to 3+1 timelike foliation with the SO(2, 1) gauge group. Notice that they are different from the SO(3) ones by the presence of η ij in several places.
Below we will calculate the momentum-momentum and momentum-coordinate Poisson brackets. The coordinate-coordinate {q ab , q cd } = 0 is always zero, since q ab contains only electric fluxes E Let us calculate the Momentum-Momentum Poisson bracket first. We use a new momentum formula (29):
In the following we use the notation:
We provide the detailed calculations of this Poisson bracket in the Appendix A (7). The result of the lengthy calculations is as follows:
, where
are the so(2, 1) rotational constraints (6) .
When the rotational constraint in (33) is zero, the Poisson bracket is zero. So the momentum-momentum Poisson bracket remains the same as in the original variables.
Now we turn to the Coordinate-Momentum bracket:
All the details of this Poisson bracket calculations can be found in the Appendix B (8).
Here we just write the result:
which shows that the symplectic structure is preserved, i.e. the new variables E a i and K i a are canonical in SO(2, 1) case as well.
Discussion
We have obtained a new connection in the timelike foliation with SO(2, 1) structure group by reproducing the Sen-Ashtekar-Barbero-Immirzi formalism. We introduced the new canonically modified variables and proved by calculating the Poisson brackets that the symplectic structure is preserved. We then introduced the new rotational constraints for SO(2, 1) group. By using the isomorphism between the so(2, 1) algebra and the algebra R 7 Appendix A Momentum-Momentum Poisson Bracket
By introducing the following notations:
We can rewrite (40) as:
or by using the Leibniz rule for the Poisson brackets:
The last term is zero since {a, d} = {(det E)
Let's calculate separately {b, f }, {c, f }, {c, e}, {b, e}, {a, e}, {a, f }, {b, d}, {c, d}
,where
and we have introduced the notations forĜ with various indices:
The next Poisson bracket is:
We obtain:
The next bracket can be obtained from (48), by changing the sign and making the following index replacement:
The next bracket goes as follows:
To summarize
The bracket {c, e} is similar to {f, b} = −{b, f } above in (54) with the following index replacement:
The bracket {c, d} can be calculated from (58) by changing the sign and making the following index replacement:
Finally we need to calculate the last bracket {c, f }:
To summarize we have obtained:
By substituting into (42) :
we obtain:
Appendix B Coordinate-Momentum Poisson Bracket
We mark each line by the label L(line number) and provide the detailed comments underneath the formula on how we move from one line to the next in our calculations. 
,where in the line L2: we used E 
